We show that in the multi-Higgs extension of minimal supersymmetric standard model, which has N-pairs of Higgs doublets (called NHMSSM), it is impossible to break CP spontaneously, if we do not allow for fine-tuning relations between parameters. The result holds true even in the presence of spontaneous R-parity breaking.
I. INTRODUCTION
Evidence for the existence of fundamental forces that distinguish between matter and antimatter (CP violating forces) is abundant, both in the laboratory and in cosmology. In the laboratory, there are the celebrated discoveries of CP violation in K-and B-systems whereas in cosmology, CP violation is an essential ingredient in our understanding of a fundamental mystery of the Universe, i.e., the asymmetry between its matter and antimatter content. While this information has been accumulating for over half a century, an understanding of the origin and nature of these forces responsible for them has eluded physicists. What is known is that in the standard model, CP violation can be parameterized in terms of a single phase in the Cabibbo-Kobayashi-Maskawa quark rotation matrix. However, we do not know where the phase comes from. For instance it is not known whether it resides as an intrinsic phase in the interactions of Higgs bosons responsible for particle masses (Yukawa interactions) or it arises dynamically in the ground state of the theory, even though all interactions in the model are CP symmetric prior to symmetry breaking. The latter class of models go by the name of "spontaneous CP violation" (SCPV) [1] and is the subject of this article.
The fact that spontaneous CP violation can occur in multi-Higgs extensions of the standard model is very well known [2] . Typically, it is highly dependent on the structure of the Higgs potential. For instance in the Standard Model (SM) which has only one Higgs doublet, there is no physical phase in its vacuum expectation value (VEV) and hence no spontaneous CP violation. With two Higgs doublets [1] , the ground state can break CP only if there are both quartic (φ † 1 φ 2 ) 2 as well as quadratic terms φ † 1 φ 2 present in the potential. When either of them is absent, the ground state corresponds to real VEVs of the Higgs doublets and there is no spontaneous CP breaking. In three Higgs extensions of theSM, even if the quadratic terms are absent, there can be spontaneous CP breaking [3, 4] -manifested through both the exchange of charged [3] or neutral [5] Higgs bosons. Since there is a widespread belief that the new scale physics includes supersymmetry, it is of interest to study CP breaking in MSSM and its multi-Higgs extensions.
It is well known that in supersymmetric theories, holomorphy of the superpotential, which is a requirement for the theory to be supersymmetric, considerably restricts the terms in the Higgs potential. It is therefore important to study whether in such theories, spontaneous CP violation can occur. Such studies have indeed been carried out in simple extensions of MSSM and it has been shown that if we do not allow fine-tuning relations between the parameters of the superpotential, it is impossible to have spontaneous CP violation with only one additional singlet added to MSSM [6] or with four and six Higgs doublet superfields (two or three pairs of H u , H d ) extensions of MSSM [7] . The four-Higgs case remains incapable of spontaneously breaking CP even if one singlet is added provided that there are no dimensionful parameters in the superpotential involving the singlet [7] ; otherwise SCPV is in fact possible [8] .
The proof in the four-and six-Higgs case given in [7] uses geometric constructions. In this paper, we provide an alternative algebraic proof of the same result for the four Higgs doublet extension of MSSM and further show that our technique has the advantage that it can be extended to the N-Higgs extension for arbitrary N , with the result that there is no spontaneous CP breaking even in this case. We then show that this result remains true even in the presence of spontaneous R-parity breaking, where the sneutrino fields acquire nonzero VEVs [9] . This paper is organized as follows: in Sec. II, we discuss the general strategy for treating this question. In Sec. III, we apply this to the general N-HMSSM, which has N/2 pairs of (H u , H d ) fields, and to the general N-HMSSM with spontaneous R-parity breaking; in particular, the 4-HMSSM is treated in more detail in Sec. III C as an illustration of the method. We present our conclusions in Sec. IV.
II. GENERAL MULTI-HIGGS MODELS AND CONDITIONS FOR SPONTANEOUS CP VIOLATION
We consider extensions of standard model with N Higgs doublets φ a with a = 1, . . . , N , denoted here as N-Higgsdoublet-models (NHDMs). In general we can assume that only the neutral members of the Higgs doublets acquire VEVs, which we parameterize as:
We can fix one of the phases δ 1 = 0 from hypercharge invariance. Then, there will be SCPV (in the real basis) if δ a = 0, π for some a ≥ 2 and nonzero v a . Such violation breaks the canonical CP transformation
For some cases, there might be other inequivalent CP transformations that could remain as a symmetry (multiple CP symmetries). We do not treat this case here. We are interested to study the minima of the potential involving the N Higgs doublets and their CP properties. To build a SCPV model, it is necessary to begin with a CP invariant potential before SSB. There is a basis where CP invariance implies that all parameters of the potential are real when written in terms of φ † a φ b . This is the real basis. Let us suppose that a CP invariant NHDM potential in this basis has the form
Hence, we are avoiding terms such as
We also assume we are seeking neutral minima and terms such as
hence, we include them in V 1 . This form of the potential covers a large class of theories such as the Weinberg model [3, 4] for SCPV and supersymmetric models where the terms φ † a φ b , a = b, are only contained in the quadratic parts [7] . This can be also adapted for potentials, without trilinear terms, made up of the neutral components of different multiplets.
Let us derive the extremum equations for (3),
We have used the shorthand
If we contract (4) with φ * ak , we obtain
The imaginary part of (6) yields
Spontaneous CP violation (SCPV) will be possible only if a solution for (7) is nontrivial, i.e.,
without the need for any fine-tuning of parameters.
To comply with a successful EWSB, it is necessary that
which requires at least one of K aa non-null. Let us choose, without loss of generality, K 11 = 0. In the following, we will restrict the part of the potential that depends on the relative phases of the VEVs, i.e., W , to be either quadratic or quartic in the doublet fields. The quadratic case includes all general terms but the quartic case excludes further terms such as φ † 1 φ 2 φ † 1 φ 3 . To specify further the class of NHDM potentials we are considering here, we use the following parametrization for the potential:
The parameters (matrix) c ab are real and symmetric.
A. Quadratic W Let us choose
The parameters λ ab (matrix) are real and symmetric, λ ba = λ ab , but we adopt λ aa = 0. The terms in (11) are generic quadratic terms containing φ † a φ b , a = b. We will refer to this choice as quadratic W . It is the case of some supersymmetric models [7] . For special potentials with 4, 5 and 6 Higgs doublets, it was shown that SCPV is not possible [7] . We are interested in generalizing this result to an arbitrary number of doublets.
First, we compute the derivatives for (11):
Then, Eq. (6) yields
Its imaginary part gives
Instead of considering the real and imaginary parts independently, we can rewrite (13) as
where we have used
After some straightforward manipulation we can rewrite (15) as
In matricial notation the equation is equivalent to
where the N × N real symmetric matrix B is defined by
Explicitly,
Equation (18) implies that B as a function of {v a } should be a singular matrix. A noteworthy consequence of (18) should be pointed out: the N equations define N polygons in the complex plane. Each polygon, corresponding to the a-th row of (18) 
where λ ba = λ ab , a = b, is real and λ aa = 0. We will refer to this choice as quartic W . We assume terms such as |φ † a φ b | 2 = |K ab | 2 are equivalent to K aa K bb for neutral VEVs and we include them into V 1 . Notice we are excluding terms such as φ †
This can be achieved by imposing a (Z 2 )
N symmetry on the potential. In this case
Equation (6) is now
If we use (16), we obtain
After some manipulations we can read
We can rewrite the last equation as
where
In complete analogy with Eq. (18), Eq. (26) defines N polygons with the only difference that now the angles are 2θ a1 and the off-diagonal terms B ab depend quadratically on the VEVs. The N sides of the a-th polygon are |(B) a1 |, |(B) a2 |, . . . , |(B) aN |, with angles 2θ i,i−1 between the i-th side |(B) ai | and the extension of the |(B) a,i−1 | side. We may have a nontrivial solution (SCPV) if we can find a set of N polygons with the same angles 2θ a1 and sides defined by (B) ai .
C. Constraints from nontrivial angles
Let us analyze the polygon equations (18), and, equivalently, (26). The equations themselves imply B must be singular:
However, if at least one polygon angle is nontrivial (θ 21 = 0, π) the singularity is such that
In fact, one nontrivial angle implies at least another nontrivial angle. The reason for (29) is that we can write the first column of B as a linear combination of the N − 1 other columns as consequence of the real part of (18). For the same reason, the imaginary part of (18) -which does not depend on the first column of B -allows us to write the second column of B in terms of the N − 2 other columns to the right of the second column. The equality in Eq. (28) can be recovered in the absence of SCPV where all e iθi1 = ±1, i.e., a degenerate polygon confined to the real line. In this case, there is no relation among the rows of B, except from (28). Therefore, the N equations corresponding to the N rows of B are independent and can be used to find the N quantities v a . This fact summarizes the relation between nontrivial angles (CP phases) and constraints on the sides (VEVs). These relations constrain the moduli v a and ultimately determines them. If there is not enough structure in the potential to allow nontrivial polygons, then there would be no CP breaking extremum. In particular, for N = 2 with either only quadratic or quartic potential, a two-sided polygon always resides in the real line and then SCPV is not possible.
For the simplest nontrivial polygon, i.e., a triangle, (29) is enough to find the nontrivial solution. To form a nontrivial triangle (finite area), we need rank B = 1. The geometrical counterpart of such a requirement is that triangles with the same external (or internal) angles must be similar. Conversely, similar triangles imply rank B = 1. This requirement can be translated to the fact that any 2 × 2 minor of the 3 × 3 matrix B is zero. If we take the relations coming from the vanishing of the three minors that only depend on one diagonal entry, then we get three equations that define v 1 , v 2 , v 3 . Once we get a solution for the VEVs (sides of the triangles) we easily find the solutions for the CP phases (angles of the triangles). This solution is unique when it exists.
Polygons with the same external angles are no longer guaranteed to be similar for quadrilaterals or polygons with more sides. The converse, however, remains true: if N similar and noncontractible N -gons are solutions for (18), then rank B = 1 .
This case is only possible if all λ ab have the same sign. The latter is just a necessary condition and, possibly for N > 3, a solution satisfying (30) would require a special choice for the parameters of the potential; see Sec. II E.
D. Algebraic consequences
We have seen in (29) that nontrivial CP phases require rank B ≤ N − 2. Let us analyze its consequences. Let us assume rank B = N − 2. That means that N − 2 rows of B are linearly independent. Let them be the first N − 2 rows. Since B is symmetric, we can take the following set as the (N − 2)(N + 3)/2 independent elements of B:
The elements B ab , with a, b > N − 2, can be written in terms of (31) as [10] B ba = χ
Equations (32) and (33) are the key equations in our discussion of whether a multi-Higgs supersymmetric theory can support spontaneous CP violation or not. If rank B < N − 2, more elements can be written in terms of a smaller set of independent elements. Equations (31) and (32) change accordingly. The extreme case of rank B = 1 is trivially satisfied by (32).
E. Avoiding fine-tuning
Let us show here some situations that could lead to a fine-tuning of the parameters of the potential unless they are imposed as a consequence of symmetries. For that, we should notice that the off-diagonal elements of B depend on the VEVs either as
The diagonal elements of B depends on the VEVs in more complex ways. Let us assume quadratic W to be specific; we only need to replace v a → v 2 a in the terms that contain λ ab .
We know that for triangles (N = 3) Eq. (29) implies there is only one possible solution for Eq. (32). Let us think in the case of the next simplest case: N = 4. To have polygons with nontrivial angles, we need rank B to be 1 or 2. If rank B = 1 -the case of similar quadrilaterals -all rows of B are proportional to the first row. Then any minor of order two (2 × 2 submatrix) is null. In particular, we can find a 2 × 2 submatrix above the diagonal that does not contain elements from the diagonal of B itself. Such a minor is det
Therefore, if we require that all the VEVs v a are nonzero, we are forced to have det
Such a relation can be satisfied only by fine-tuning the parameters unless one finds some symmetry which guarantee this. Barring such possibilities, one can conclude that the only possibility for SCPV to occur for the case of four Higgs doublets is to have rank B = 2; it is the maximal value where SCPV is possible. We still have the possibility to set some VEVs to zero. But that means that the problem reduces effectively to considering an 3 × 3 submatrix of B, i.e., triangles; see Sec. II F. We can easily extend (34) to an arbitrary number N of doublets. Many submatrices of the type of (34) can be constructed by drawing a square inside the upper-right triangle of off-diagonal terms. We can see that the largest of such submatrices has size n × n for N = 2n or 2n + 1. Therefore, no fine-tuning and nonzero VEVs =⇒ rank B ≥ n , for N = 2n or N = 2n + 1 .
This condition, together with (29), reduces the number of cases we have to treat. In particular, for N > 3, similar polygons can not be solutions to the extremization problem (18) [and (26)] if we avoid fine-tuning or null VEVs. 
The condition (36) also changes to no fine-tuning =⇒ rank B ≥ n , for m = 2n or m = 2n + 1 .
III. APPLICATIONS TO NHMSSM
Let us show here that there can be no SCPV at tree level in N-Higgs-doublets supersymmetric extensions of the SM if (i) we avoid fine-tuning of the parameters of the potential and (ii) the quartic terms come solely from D-terms. The proof is essentially an application of the constraints explained in Sec. II D.
We consider two cases: (A) an arbitrary number of N = 2n Higgs doublets and (B) n f = 3 effective Higgs doublets coming from the sleptonsL i , i = 1, 2, 3, in addition to an arbitrary number of 2n Higgs doublets; the effective number of doublets is N = 2n + n f . The latter case is usually referred to as R-parity violating models [7] .
In both types of models, we label the n + n f (n f = 0 or n f = 3) doublets with hypercharge Y = −1 with indices a = 1, . . . , n + n f , and the n doublets with hypercharge Y = 1 with the indices a = n + n f + 1, . . . , N ; N = 2n + n f . Moreover, for Y = 1 doublets we just denote H a → φ a while for Y = −1 doublets we associate H a →φ a = iσ 2 φ * a . All the effective doublets now have hypercharge Y = 1 and they are all denoted by {φ a }, a = 1, . . . , N ; N = 2n + n f .
A. N = 2n Higgs doublets
Let us consider N = 2n Higgs doublets. We are assuming that the quartic part of the potential comes only from the D-term
where G = (g 2 + g ′2 )/4. We also assume the VEVs of the doublets do not break electric charge. The potential (40) is translated, in the notation of (10), into
where A n = A n×n is an n × n matrix with (A n ) ab = 1 for all entries. The general potential will have the form (10) with quadratic W as (11) . Except for (c ab ), which is defined in (41), all parameters of the potential are generic as long as they can provide a neutral vacuum and a potential bounded from below. One peculiarity of real potentials with quadratic W is that we can rewrite B in Eq. (19) as
The matrixB depends on the VEVs v a only in the diagonal terms and such a dependence occurs only through the terms d c ad v 2 d . In our particular case, the matrix (c ab ) in Eq. (41) is so restrictive that it allows us to write
where ǫ a = 1 for 1 ≤ a ≤ n and ǫ a = −1 for n < a ≤ N . The quantity f (v 2 ) is the combination
We will see that the dependence ofB only on the combination f (v 2 ) is too restrictive to allow SCPV, unless a fine-tuning of the parameters is allowed.
We first allow the possibility that some number p ≥ 0 of VEVs are null, and no more. Let us eliminate the null rows and columns and extract the effective submatrix B ′ of size m × m, where m = N − p. The requirement of at least one nontrivial CP phase imposes (38), i.e.,
The possibility that B ′ has more null rows (columns) is excluded because that would require either more null VEVs or entire rows of (λ ab ) to be null.
Let us rearrange the rows (columns) of B in such a way that the first m rows (columns) correspond to the rows (columns) of B ′ . We also rearrange the rows (columns) of B ′ in such a way that the first m − 2 rows (columns) are linearly independent. We relabel µ a , c ab , λ ab accordingly. All this rearrangement maintains the diagonal entries of B in the diagonal and we still have 
We can also defineχ a asχ
so that
Then Eq.(48) can be rewritten as
Now we use the fact that v m and v m−1 are non-null by hypothesis. We then obtain
Notice that these three equations only depend on the VEVs through the combination in f (v 2 ). Therefore if we solve Eq.(54a) for f (v 2 ) in terms of the parameters of the potential, Eqs. (54b) and (54c) will give us two relations between the parameters of the potential. Such relations will be only satisfied by fine-tuning the parameters and is not stable under radiative conditions. Therefore, we conclude that CP phases must vanish and hence there is no spontaneous CP violation.
If r < m − 2 strictly, we can add to the list of equations in (54) m − 2 − r more relations coming from Eq. (32) applied to the diagonal entries B aa , r < a ≤ m − 2. We can also add more relations associated to the off-diagonal entries B ab , r < a ≤ m − 2, r < b ≤ m − 2, a < b. Then more relations have to be satisfied simultaneously by the only combination in f (v 2 ) and the fine-tuning is worsened. Therefore, we conclude that the quartic terms -coming from D-terms -in supersymmetric multi-Higgs-doublet extensions of the SM do not have enough structure to break CP spontaneously, independently of the number of doublets N = 2n.
B. R-parity-violating models
Let us consider N = 2n + n f doublets, n f = 3 coming from the sleptonsL i , one for each family i; see Ref. [7] . We can still assume that the quartic terms, for neutral VEVs, comes solely from the D-term
The matrix (c ab ) is now (c ab ) = G A n+n f −A (n+n f )×n −A n×(n+n f )
A n .
As in (41), the matrices A n×m are n × m matrices where all entries are unity. Now, the diagonal entries ofB in (43) still depend only on one combination of the VEVs,
where now
The factors ǫ a are ǫ a = +1 for 1 ≤ a ≤ n + n f and ǫ a = −1 for n + n f < a ≤ N . Therefore the arguments used in Eqs. (46)-(54c) still apply and it is not possible to find solutions to the extremum equations with nontrivial CP phases. Thus it is not possible to have SCPV in supersymmetric multi-Higgs extensions of the SM with spontaneous R-parity violation.
C. 4-HMSSM
In this subsection, we illustrate the application of our technique to the case of 4-HMSSM (i.e., 4-Higgs-doublet supersymmetric extension of the SM) [7] . In this case, the quartic part of the potential (40) is simply
This is equivalent to considering the matrix (c ab ) as 
where G ≡ (g 
Allowing for null VEVs, we need at least three non-null VEVs to have at least two nontrivial CP phases. Therefore, the effective non-null matrix B ′ would have size m = 3 or m = 4. For both cases, nontrivial CP phases require r = rank B ≤ m − 2. That in turn, implies the relations (54).
For m = 4 (no null VEVs) and rank B = 2, considering the first two rows of B to be linearly independent, we have explicitly 
